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A class of graphene wound into three-dimensional periodic curved surfaces (“graphitic zeolites”)
is proposed and their electronic structures are obtained to explore how the massless Dirac fermions
behave on periodic surfaces. We find in the tight-binding model that the low-energy band structure
around the charge neutrality point is dominated by the topology (cubic or gyroid) of the periodic
surface as well as by the spatial period L in modulo 3 in units of the lattice constant. In both
of cubic and gyroid cases the Dirac electrons become massive around the charge neutrality point,
where the band gap is shown to scale as 1/L within each mod-3 class. Wave functions around the
gap are found to have amplitudes sharply peaked around the topological defects that are required to
deform the graphene sheet into a three-dimensional periodic surface, and this is shown to originate
from non-trivial Bloch phases at K and K′ points of the original graphene.
PACS numbers: 73.22.Pr, 73.61.-r, 03.65.Pm
Introduction—While a vast variety of phenomena aris-
ing from massless Dirac electrons have been revealed
for two-dimensional (2D) graphene, a natural and im-
portant question is what will happen to the electronic
structure if three-dimensional (3D) structures are con-
structed from graphene. Specifically, when we envis-
age structures that are periodic in each of x, y and z
directions, we are talking about triply-periodic surface,
or “graphitic zeolites”, where we have a 3D network of
graphene sheets. Interests are, first, band-theoretically
how the massless Dirac particles behave in totally differ-
ent spatial topologies1. Second, when the flat honeycomb
lattice of graphene is wound into such 3D geometries,
we have to introduce topological defects, and the elec-
tronic properties of carbon systems in such cases have
been studied in the context of fullerenes, carbon nan-
otube caps and graphene cones.2–8 For a 3D graphitic
zeolite, we have to introduce topological defects as more
than six-membered rings, around which the surface has
negative Gaussian curvatures,9–12 as illustrated in Fig. 1.
Thus the question we pose here is: In such 3D graphene
structures, how its low-energy spectrum would look like
— can it still be a 3D massless Dirac electron, or oth-
erwise, especially around the “charge neutrality point”
(originally the Dirac point of flat graphene)? The ques-
tion is not only academic, but should be relevant to the
electronic properties in 3D carbon nanostructures that
are realized in recent experiments.19–29 Specifically, a
high-quality 3D graphene network was very recently fab-
ricated with a nanoporous template material,29 where
the system was found to comprise interconnected single
graphene sheet with structural length scale of 100 nm
to 1 µm. While the samples fabricated are not periodic,
they are expected to retain the low-energy characteristics
of graphene owing to a high quality, so that they should
serve as a starting point for realizing massless Dirac par-
ticles on curved surfaces.
Theoretically, band structures of periodic curved sur-
faces have been studied for conventional (nonrelativis-
tic) electrons for various surfaces including Schwarz’s P
(simple cubic) and D (diamond-structured) surfaces16,17
and also G (gyroid) surface.18 The massless Dirac parti-
cle on periodic curved surfaces poses an entirely differ-
ent problem. A crucial interest is the fate of the Dirac
cone in the band structure in these structures. Possible
structures of 3D periodic graphene were first theoreti-
cally proposed9–15, and band structures were obtained
for some specific cases with relatively small unit-cell sizes
of the order of the atomic scale. However, to consider
systematics of the Dirac particle on periodic curved sur-
faces on a more general ground, particularly around the
charge neutrality point, we need to look at the energy
band structure not only for 3D structures with different
topologies, but for different length scales in the periodic
structures to fathom the scaling behavior of the band
structure and mass gap.
These have motivated us to study in this paper the
electronic energy spectra of 3D graphene networks with
varied spatial periods and structures. As the surface
topology, we consider two typical periodic minimal sur-
faces, which are called Schwarz’s P-surface (cubic) and
G-surface (gyroid with helical symmetry along each of
x, y, z directions) as shown in Fig. 1(a) and (b), respec-
tively. We construct the corresponding honeycomb net-
works having these topologies as illustrated in Fig. 2,
and calculate the band structure with the simple tight-
binding model. By varying the periodicity of these 3D
structures we study the scaling behavior of the band
structure around the charge neutrality point.
We shall first find that the energy spectrum around
the charge neutrality point is essentially determined by
the surface topology (P or G). In each case we reveal
2FIG. 1. Structures of continuous (a) P-surface and (b) G-
surface. In each column, top panel: a primitive surface patch,
middle: 3D unit structure, bottom: periodic connection of the
units.
a “mod-3 rule”, where the spatial period in modulo 3
in units of the original honeycomb lattice constant domi-
nates the bands. The systems in the same category (with
the same topology and the same mod-3 number) have al-
most identical low-energy band structures, where energy
(band width, etc) scales as 1/L, where L is the spatial
period. In each case, the original Dirac cone becomes
massive with the mass gap also scaling as 1/L. Thus we
conclude that massless Dirac electron bound on the 3D
periodic surfaces behaves as a massive Dirac electrons
with a scalable mass. We also find the wave functions
around the gap have singularily large amplitudes concen-
trated around the topological defects that are required to
make the system periodic in 3D.
Formulation— P-surface (space group: Im3m) and G-
surface (Ia3¯d) as networks of continuous membrane are
depicted in Fig.1 (a) and (b), respectively. We can con-
struct the 3D periodic structure from a primitive patch
(top panel) to construct the 3D unit structure composed
of eight primitive patches (middle panel), which are then
periodically connected (bottom). Zeolitic graphites hav-
ing the topologies of P or G-surfaces can then be con-
FIG. 2. Construction of zeolitic graphite in P-surface ge-
ometry (left panel) as a network of honeycomb sheet (right),
where the primitive patch is taken to be a graphene fragment
with a hexagonal shape characterized by L. a1,a2 are primi-
tive vectors for honeycomb.
structed by taking a graphene fragment with a hexago-
nal shape as the primitive patch, as illustrated in Fig.
2 for P-surface. We can characterize the graphene frag-
ment with indeces (m,n), which specify the lattice vector
connecting the corners of the hexagon,
L = ma1 + na2, (1)
where a1 = a(1, 0) and a2 = a(1/2,
√
3/2) are primitive
unit vectors of the original graphene honeycomb lattice.
The resulting 3D structure has an eight-membered ring
at each vertex where four patches meet, while it is com-
posed of six-membered rings elsewhere. We can model
the system with the simple tight-binding Hamiltonian
for pi orbital of carbon, H = −t∑i,j c†icj , where t ≃ 3
eV is the hopping integral, c†i creates an electron on i-
th site, and i, j are summed over nearest-neighbor sites.
We neglect the curvature effect on the hopping param-
eter t, and take it as a constant and the unit of energy
(t ≃ 3 eV). Effects of the curvature of the structure will
be discussed below.
Results— Fig. 3 shows a typical band structure for
(a) P-surface graphene and (b) G-surface graphene, here
illustrated for (m,n) = (3, 0). The spectrum is electron-
hole symmetric with respect to E = 0 (the charge neu-
trality point) in the present tight-binding model. Due
to the band folding coming from the 3D periodicity, we
have many bands, and if we look at the region around
the charge neutrality point, the density of states (DOS)
drastically deviates from graphene’s E−linear behavior
(dashed curve). Specifically, the energy band is gapped
around E = 0 at Γ, and some clustering is seen in the
conduction (valence) bands just above (below) the gap.
A fuller picture is shown for m − n ≡ 0 (mod 3) in
Fig. 4(a), m− n ≡ 1 (Fig. 4(b)) and m− n ≡ 2 (Fig.5),
for P-surface graphene (middle panels) and for G-surface
graphene (bottom). For each case of m − n (mod 3),
we plot the results for three different choices of (m,n)
with the top inset showing the the primitive graphene
fragment. Throughout, the energy is taken to be a di-
mensionless one, E/(ta/L). This choice comes from our
expectation that the low-energy spectrum around E = 0
3FIG. 3. Band structure (right) and the density of states (left)
for (a) P-surface graphene and (b) G-surface graphene, both
illustrated for (m,n) = (3, 0). Dashed curves in the density
of states indicate the 2D graphene’s.
can be well described by the continuum massless Dirac
field when the length scale of the 3D network is much
longer than the atomic scale. Then the energy spectrum
should be scaled as 1/L.
We clearly see that the rescaled band structures be-
longing to the same family [i.e., the same m − n (mod
3) and the same surface topology (P or G)] are simi-
lar to each other, while distinct between different fam-
ilies. Specifically, the Dirac electron becomes massive,
where the mass scales as ∼ 1/L. The modulo-3 rule is
reminiscent of the situation in carbon nanotubes30, and
it is in fact an intrinsic property of graphitic systems
having closed loop structures. In the flat graphene, the
low-energy wave functions have a character of the states
around the Brillouin zone corners K± ≡ 2pi/a(±2/3, 0),
and when graphene is rolled into a carbon nanotube
with circumference vector t, the wave function acquires a
phase eiK±·t. Similarly, the 3D graphene network has a
periodic array of close loops composed of hexagon’s sides,
where similar phase factors emerge. The phase factor for
a single side of hexagon [with the length L defined by
Eq. (1)] amounts to eiK±·L = e∓2pii(m−n)/3, which is in-
deed determined solely by m − n (mod 3), and explains
the modulo-3 rule in the band structure. This situa-
tion around the Dirac point sharply contrasts with the
those around the bottom (or top) of the whole energy
spectrum (i.e. E/t ≈ ±3), where we can show that the
rescaled band structure only depends on the surface con-
FIG. 4. Band structures of P-surface (middle panel) and G-
surface (bottom) graphenes (blow up of the positive-energy
regions just above the charge neutral point) for (a) m−n ≡ 0
(mod 3) or (b)m−n ≡ 1. Three columns represent the results
for various values of (m,n), with the top inset showing the
primitive graphene fragment. The energy is rescaled into a
dimensionless E/(ta/L), and the density of states is shown
for the smallest period in each of (a), (b).
4FIG. 5. A plot similar to Fig. 4 for m− n ≡ 2 (mod 3).
figuration (P or G), and does not depend on (m,n). This
is because the bottom (or top) region corresponds to Γ
point of the original graphene,16 where phase factors do
not appear in the continuum model, and the character-
istic energy scale is given by ~2/(m∗L2) with m∗ being
the Γ-point effective mass.
If we now turn to the G-surface graphene, there is a
specific interest as follows. In this “gyroid” structure,
the surface has a screw axis along each of x, y and z di-
rections. In fact the G-surface is the only triply-periodic
surface having this property. The band structure of elec-
trons has been analyzed by the present authors with
Schro¨dinger equation18. There, we found that an effect of
the helical structure appears as the multiple band stick-
ing on the Brillouin zone boundaries. If we look at the
present result for Dirac particles on G-surface, we imme-
diately notice a salient feature that we have also multiple
band sticking, which occurs for the Dirac particles at H
point in the Brillouin zone and for the bunch of energy
band just above the mass gap. In terms of the space
group, this feature is expected to arise from a general
property of non-symmorphic cases that promotes band
touching31,32.
The wave functions also exhibit a notable feature. Fig-
ure 6 plots typical wave functions, here for (m,n) =
(10, 0), near (a) the charge neutrality point (E ≃ 0)
and near (b) the band bottom (E ≃ −3t), both at Γ-
point in the 3D Brillouin zone. We can see that the
wave function for E ≃ 0 has amplitudes sharply concen-
trated around the topological defects (which correspond
to the corners of the patches), whereas that for E ≃ −3t
is much more uniform. In the continuum Dirac field,
the singular behavior around a more-than-six membered
ring can be regarded as a consequence of the singular
gauge fluxes, introduced in Ref. 5 for 2D cases, that
effectively thread topological defects in the honeycomb
lattice. Thus the wave functions and band structures
presented here should also be reproduced in a continuum
Dirac model with these gauge fluxes included.
Finally, it should be mentioned that an electron con-
fined to a curved graphene is generally affected by the
local curvature neglected in the present model, where the
hybridization between sp2 and sp3 occurs.
33 In real 3D
graphite sponges, the curvature is expected to be con-
centrated around the topological defects, and it would
give additional resonant states as observed in the capped
carbon nanotubes and the nanocones.34,35
FIG. 6. Typical wave functions around (a) the charge neu-
trality point (E ≃ 0), and (b) the bottom (E ≃ −3t) of the
whole energy spectrum, both at Γ-point in the 3D Brillouin
zone. Here (m,n) = (10, 0), and the radius of each circle in-
dicates the amplitude while open and solid circles represent
sign of the wave function.
Conclusion— We have studied the electronic structure
of 3D P- and G-surface graphene networks with various
length scales. We find that the low-energy band struc-
ture is dominated by the topology of the structure, while
within each topology the bands are basically determined
by the periodicity L in modulo 3. The 3D graphene
hosts massive Dirac fermions, with the mass scaled as
∼ 1/L. In the present study, we considered the model
which only includes eight-membered rings as topological
defects. Very recent works studied various 3D carbon
networks that include seven-membered rings, and found
metallic band structure.14,15,36 While their interest is fo-
cussed on smaller unit cell size L ∼ atomic scale than in
the present paper, it would be interesting to study the
behavior of those classes of 3D graphites to examine how
the metallic bands would scale with larger L.
Let us make a few remarks on implications for exper-
iments and future problems. Unlike the present theo-
retical model, the experimentally realized 3D graphene
network is at present not periodic29, but has a randomly
connected structure. Still, we expect that singular wave
amplitudes at the topological effects should be observed
5in the states around the charge neutrality point (i.e.,
when the system is not doped), as this is a topologi-
cal property. The energy spectrum, on the other hand,
should be different in the absence of periodicity, for which
we would need some sort of the random network model
combined with the Dirac equation, especially to analyze
whether a (smeared) gap can appear at the Dirac point
as in the periodic case.
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